A new two-group deterministic model for Chlamydia trachomatis is designed and analyzed to gain insights into its transmission dynamics. The model is shown to exhibit the phenomenon of backward bifurcation, where a stable disease-free equilibrium (DFE) co-exists with one or more stable endemic equilibria when the associated reproduction number is less than unity. It is further shown that the backward bifurcation dynamic is caused by the re-infection of individuals who recovered from the disease. The epidemiological implication of this result is that the classical requirement of the reproduction number being less than unity becomes only a necessary, but not sufficient, condition for disease elimination. The basic model is extended to incorporate the use of treatment for infectious individuals (including those who show disease symptoms and those who do not). Rigorous analysis of the treatment model reveals that the use of treatment could have positive or negative population-level impact, depending on the sign of a certain epidemiological threshold. The treatment model is used to evaluate various treatment strategies, namely treating every infected individual showing symptoms of Chlamydia (universal strategy), treating only infectious males showing Chlamydia symptoms (male-only strategy) and treating only infectious females showing symptoms of Chlamydia (female-only strategy). Numerical simulations show that the implementation of the male-only or female-only strategy can induce an indirect benefit of saving new cases of Chlamydia infection in the opposite sex. Further, the universal strategy gives the highest reduction in the cumulative number of new cases of infection.
A new two-group deterministic model for Chlamydia trachomatis is designed and analyzed to gain insights into its transmission dynamics. The model is shown to exhibit the phenomenon of backward bifurcation, where a stable disease-free equilibrium (DFE) co-exists with one or more stable endemic equilibria when the associated reproduction number is less than unity. It is further shown that the backward bifurcation dynamic is caused by the re-infection of individuals who recovered from the disease. The epidemiological implication of this result is that the classical requirement of the reproduction number being less than unity becomes only a necessary, but not sufficient, condition for disease elimination. The basic model is extended to incorporate the use of treatment for infectious individuals (including those who show disease symptoms and those who do not). Rigorous analysis of the treatment model reveals that the use of treatment could have positive or negative population-level impact, depending on the sign of a certain epidemiological threshold. The treatment model is used to evaluate various treatment strategies, namely treating every infected individual showing symptoms of Chlamydia (universal strategy), treating only infectious males showing Chlamydia symptoms (male-only strategy) and treating only infectious females showing symptoms of Chlamydia (female-only strategy). Numerical simulations show that the implementation of the male-only or female-only strategy can induce an indirect benefit of saving new cases of Chlamydia infection in the opposite sex. Further, the universal strategy gives the highest reduction in the cumulative number of new cases of infection.
© 2009 Elsevier Inc. All rights reserved.
Introduction
Chlamydia is a sexually-transmitted disease (STD), caused by the bacterium Chlamydia trachomatis. It is the commonest sexually-transmitted bacterial disease in European countries [6, 17] and United States [19, 28] . The family Chlamydiaceae consists of one genus Chlamydia with three species that cause disease in humans, namely Chlamydia trachomatis, Chlamydia pneumoniae and Chlamydia psittaci. Of these three, only Chlamydia trachomatis is sexually transmitted (via vaginal, oral and anal sex). Chlamydia trachomatis is transmitted through other modes, such as vertically (from mother-to-child) [4] . The symptoms of Chlamydia are usually mild or absent (three quarters of infected women and about half of infected men do not show symptoms). This, in turn, may result in the occurrence of serious Chlamydia-associated irreversible complications [4] , such as chronic pelvic pain, infertility in females (untreated infection can spread into the uterus or fallopian tubes and cause pelvic inflammatory disease (PID), which can cause permanent damage to the fallopian tubes, uterus, and surrounding tissues) and potentially fatal ectopic pregnancy (pregnancy outside the uterus), before the problem is diagnosed. If symptoms do occur, they usually appear within 1-3 weeks after exposure [4] . Women are frequently re-infected if their sex partners are not treated [4] . Complications in male usually includes penile discharges or a burning sensation when urinating.
In 2006, up to 4-5 million cases of Chlamydia were reported in the United States [13] . In 2002, Chlamydia claimed the lives of 1000 people in Africa, 1000 in Eastern Mediterranean and 8000 in South East Asia (the World Health Report [33] ). The annual cost of Chlamydia and its consequences in the United States alone is more than $2 billion (see [31] and the references therein). Under-reporting is substantial because most people with Chlamydia are not aware of their infections and do not seek testing. The fact that such individuals with no symptoms can transmit the disease to susceptible humans makes Chlamydia a major public health menace. Recent scientific study has shown that sensitive electrochemical DNA detection method can be used for the diagnosis of STDs caused by Chlamydia trachomatis [38] .
Fortunately, however, if diagnosed effectively, Chlamydia can be easily treated and cured using antibiotics. A single dose of azithromycin or a week of doxycycline (twice daily) are the most commonly used treatments. Detailed information from the Centers for Disease Control (CDC) [4, 33] revealed that individuals can be infectious and yet not show any symptoms of the disease. Another important fact about Chlamydia is that infected individuals can acquire re-infection while recovering from the disease [4] . This often arises in situations were individuals have multiple sex partners. In order to avoid re-infection, all sex partners should be evaluated, tested, and treated. Infected individuals should abstain from sexual intercourse until they, and their sex partners, have completed treatment. Re-testing 3-4 months after treatment is necessary for individuals with multiple sex partners and for those not sure if their sex partner has received treatment. The most effective way to avoid the transmission of Chlamydia is to abstain from sexual contact if possible, or to be in a long-term mutually monogamous relationship with a partner who has been tested and is known to be uninfected. Latex male condoms, when used consistently and correctly, can reduce the risk of transmission of Chlamydia. Other recommendation from CDC to help reduce the public health burden of Chlamydia includes yearly Chlamydia testing of all sexually-active women age 25 or younger, older women with risk factors for Chlamydia infections (those who have a new sex partner or multiple sex partners), and all pregnant women [4] . There is currently no effective vaccine against Chlamydia, but efforts are underway to develop one (see, for instance, [33] ).
The enormous public health burden inflicted by Chlamydia disease necessitates the use of mathematical modelling and analysis to gain insights into its transmission dynamics, and to determine effective control strategies. The literature on the use of mathematical modelling in Chlamydia transmission dynamics is rather scant. A few population-level models, of the form of discrete-time [18, 21] and continuous-time [3, 26] dynamical systems, have been presented. In-host models for the dynamics of Chlamydia are presented in [2, 5, [35] [36] [37] . Other forms of Chlamydia modeling involve the use of individualbased stochastic model [20, 32] . This study complements the aforementioned studies (particularly the population models in [3, 18, 21, 26] ) by designing a new comprehensive continuous-time deterministic, two-group model for the spread and control of the Chlamydia in a population. Some of the new features of the model include (i) addition of 10 new epidemiological compartments; (ii) incorporation of re-infection of recovered individuals; (iii) allowing for disease transmission by exposed individuals. Further, rigorous qualitative analysis of the resulting models is provided. It is worth emphasizing that mathematical analysis of biomedical and disease transmission models can contribute to the understanding of the mechanisms of those processes and to design potential therapies (see, for example, [1, 7, 8, 10, 14, 16, 27, [39] [40] [41] and the references therein).
The paper is organized as follows. A basic Chlamydia model is formulated and rigorously analyzed in Section 2. The model is extended to include the use of treatment in Section 3. Numerical simulations are reported in Section 4.
Formulation of basic model
The total sexually-active population at time t, denoted by N(t), is divided into 2 classes, namely the total male population (N m (t)) and the total female population (N f (t)), respectively. The total male population is further sub-divided into 5 mutually-exclusive compartments: susceptible males (S m (t)), exposed males (E m (t)), infectious males showing symptoms of Chlamydia (I m (t)), infectious males showing no symptoms of Chlamydia (A m (t)) and infectious males who have cleared (or recovered from) Chlamydia infection (R m (t)). Similarly, the total female population is sub-divided into susceptible females (S f (t)), exposed females (E f (t)), infectious females showing symptoms of Chlamydia (I f (t)), infectious females with no symptoms of Chlamydia (A f (t)) and infectious females who have cleared (or recovered from) Chlamydia infection (R f (t)).
Thus,
The susceptible populations (for both males and females) are increased by the recruitment of new sexually-active individuals (assumed susceptible) into the population at a rate Π m and Π f for the male and female population, respectively. Susceptible males acquire Chlamydia infection and become exposed, following effective contact with infected females (i.e., those in the E f , I f and A f classes), at a rate λ f , given by
Similarly, susceptible females acquire Chlamydia infection following effective contact with males infected with Chlamydia (i.e., those in the E m , I m and A m classes) at a rate λ m , given by
In (1) follows that the basic model for the transmission of Chlamydia in a sexually-active population is given by the following system of differential equations:
The group contact constraint is given by
a consistency condition which simply states that in any small time interval [t, t + t], the total number of partnerships formed by females with males must equal total number of partnerships formed by males with females.
Basic properties

Positivity and boundedness of solutions
For the basic model (3) to be epidemiologically meaningful, it is important to prove that all its state variables are nonnegative for all time. In other words, solutions of the model system (3) with positive initial data will remain positive for all time t > 0. 
which can be re-written as
Hence,
For the second part of the proof, it should be noted that 0
Adding the first five and the last five equations in the differential equation system (3) gives
It follows from (5) that
Thus,
Invariant regions
The two-sex model (3) will be analyzed in a biologically-feasible region as follows. We first show that the system (3) is dissipative (i.e., all feasible solutions are uniformly-bounded in a proper subset D ⊂ R 
The following steps are followed to establish the positive invariance of D (i.e., solutions in D remain in D for all t 0). It follows from (5) that
A standard comparison theorem [15] can then be used to show that
the region D is positively-invariant. Hence, it is sufficient to consider the dynamics of the flow generated by (3) in D. In this region, the model can be considered as been epidemiologically and mathematically well-posed [12] . Thus, every solution of the basic model (3) with initial conditions in D remains in D for all t > 0. Therefore, the ω-limit sets of the system (3) are contained in D. This result is summarized below. 
Stability of disease-free equilibrium (DFE)
Local stability
The basic model (3) has a DFE, obtained by setting the right-hand sides of the equations in the model to zero, given by
The linear stability of E 0 can be established using the next generation operator method on the system (3). Using the notation in [34] , the matrices F and V , for the new infection terms and the remaining transfer terms, are, respectively, given by
with
,
In (8), ρ represents the spectral radius.
Consequently, the following result follows from Theorem 2 of [34] .
Lemma 2. The DFE of the basic model (3)
, given by (7), is locally asymptotically stable (LAS) whenever R 0 < 1, and unstable if R 0 > 1.
The threshold quantity R 0 is the basic reproduction number for Chlamydia infection. It measures the average number of new Chlamydia infections generated by a single infected individual in a completely susceptible population [12, 34] . The quantity R 0 is a composite product of the reproduction numbers for the males (R 0m ) and females (R 0 f ), respectively. That is, while R 0m measures the average number of new Chlamydia infections in the male population generated by a single infected female introduced into a completely susceptible male population, R 0 f measures the average number of new Chlamydia infections in the female population generated by a single infected male introduced into a completely susceptible female population.
Lemma 2 implies that Chlamydia can be eliminated from the community (when R 0 < 1) if the initial sizes of the subpopulations of the model are in the basin of attraction of the DFE (E 0 ). To ensure that disease elimination is independent of the initial sizes of the sub-populations, it is necessary to show that the DFE is globally-asymptotically stable (GAS) if R 0 < 1. This is explored for a special case in Section 2.4.
Existence of backward bifurcation
Before investigating the global asymptotic dynamics of the DFE, it is instructive to determine the number of equilibrium solutions the model (3) can have. To do so, let
be the associated forces of infection for males and females, respectively, at steady-state. To find conditions for the existence of an equilibrium for which Chlamydia infection is endemic in the population (i.e., at least one of
and A * * f is non-zero), the equations in (3) are solved in terms of the aforementioned forces of infection at steady-state (λ * * f and λ * * m ). Setting the right-hand sides of the basic model to zero (at steady state) gives
where
Substituting (10) with (11) into the expressions for λ * * f and λ * * m in (9) gives
so that the non-zero (endemic) equilibria of the basic model (3) satisfy: 
, given in (13) (with x = λ * * m ). The various possibilities for the roots of f (x) are tabulated in Table 1 .
The following results (Theorem 2 and Lemma 3) follow from the various possibilities enumerated in Number of possible positive real roots of f (x) for R 0 < 1 and R 0 > 1.
Number of sign changes No of possible positive real roots (endemic equilibrium) Table 2 .
The existence of multiple endemic equilibria when R 0 < 1 (shown in Table 1 ) suggests the possibility of backward bifurcation (see [29, 39, 40] and the references therein), where the stable DFE co-exists with a stable endemic equilibrium, when the reproduction number is less than unity. This is explored below via numerical simulations (rigorous result can be obtained using Centre Manifold Theory (see, for instance, [30] and the references therein)).
The backward bifurcation phenomenon is illustrated by simulating the model ( Table 2 (so that, R 0m = 0.9246, R 0 f = 0.6259 and R 0 = 0.7607). Fig. 1 depicts the associated backward bifurcation diagram. Further simulations show that for the case when R 0 < 1, the profiles can converge to either the DFE or an endemic equilibrium point (EEP), depending on the initial sizes of the sub-populations of the model (owing to the phenomenon of backward bifurcation). Fig. 2A shows convergence to both the DFE and the EEP for the total infected male population when R 0 < 1. A similar plot for the total infected female population is depicted in Fig. 2B . It is worth stating that, for the set of parameter values used, the simulations have to be ran for a long-time period (in thousands of Table 2. years). To the authors knowledge, this is, perhaps, the first time backward bifurcation phenomenon has been established in Chlamydia transmission dynamics.
The epidemiological consequence of this result is that the effective control of Chlamydia in a population (when R 0 < 1) is dependent on the initial sizes of the sub-populations of the model (the disease would persist if the number is high, and can be eliminated otherwise).
Lemma 3. The Chlamydia model (3)
has at least one positive endemic equilibrium whenever R 0 > 1, and could have zero, two, or four positive endemic equilibria whenever R 0 < 1.
Role of re-infection of recovered individuals (r m , r f )
In this section, the role of re-infection of recovered males (r m ) and females (r f ) on backward bifurcation will be investigated.
Global stability of DFE when r m = r f = 0
Consider the model (3) in the absence of re-infection of males and females (i.e., r m = r f = 0). We claim the following Theorem 3. Consider the basic model (3) with r m = r f = 0. The DFE, given by (7), is GAS in D whenever R 0 1.
Proof.
Consider the following candidate Lyapunov function:
with Lyapunov derivative (where a dot represents differentiation with respect to t) given bẏ
Since all the model parameters and variables are non-negative, it follows thatḞ 0 for R 0 1 withḞ = 0 if and only if
Hence, F is a Lyapunov function on D. Thus, using the Lasalle Invariance Principle [11] ,
as t → ∞. Thus, every solution to the equations of the model (3) with r m = r f = 0, with initial conditions in D, approaches the DFE E 0 as t → ∞ whenever R 0 1. 2
The epidemiological significance of the above result is that, in the absence of re-infection for recovered males and females (r m = r f = 0), Chlamydia will be eliminated from the community if the threshold quantity, R 0 , can be brought to a value less than, or equal to, unity.
Existence of a unique endemic equilibrium when r m = r f = 0
In the absence of re-infection of recovered individuals (i.e., r m = r f = 0), the coefficients D i (i = 1..5) in (14) reduce to Table 2 .
Thus, the polynomial (13) Table 1 . 2
The absence of multiple endemic equilibria when 0 < r m , r f 1 suggests that the DFE of the model (3) is GAS when R 0 < 1. We offer the following conjecture.
Conjecture 1. The DFE of the Chlamydia model (3)
, given by (7) , is GAS in D whenever 0 < r m 1, r f 1 and R 0 1.
Figs. 4A and B show simulation results converging to the DFE when 0 < r m , r f 1 and R 0 < 1 (in line with the conjecture).
Extended model with treatment
In order to qualitatively asses the impact of therapeutic treatment against Chlamydia, the basic model (3) is now extended to incorporate the use of treatment for individuals with symptoms of the disease. New variables for treated males 
and
Using these definitions and assumptions in the basic model (3) results in the following two-group, deterministic, continuoustime model for the transmission dynamics of Chlamydia in the presence of treatment (a flow diagram of the model is given in Fig. 5 ; and the associated variables and parameters are described in Table 2) .
Basic properties
Positivity and boundedness of solutions
The approach in Section 2.2.1 can be used to prove the following result. 
Theorem 7. Let the initial data S m
(0) 0, E m (0) 0, I m (0) 0, A m (0) 0, T m (0) 0, R m (0) 0, S f (0) 0, E f (0) 0, I f (0) 0, A f (0) 0, T f (0) 0, R f (0) 0. Then the solutions (S m , E m , I m , A m , T m , R m , S f , E f , I f , A f , T f , R f ) of the system= S f + E f + I f + A f + T f + R f .
Invariant regions
Consider the biologically-feasible region 
Table 2
Description of variables and parameters for treatment model (18) .
Variables Description
S m (t), S f (t)
Population of susceptible males and females
E m (t), E f (t)
Population of exposed males and females
I m (t), I f (t)
Population of infectious males and females showing symptoms of Chlamydia
A m (t), A f (t)
Population of infectious males and females not showing symptoms of Chlamydia
T m (t), T f (t)
Population of treated males and females 
Natural clearance rate for males and females in the asymptomatic class (0.0027-0.005)*365 [3, 20, 22, 24] with
Using the same approach as in Section 2.2, it can be shown that Γ is a positively-invariant region for the treatment model (18).
Stability of DFE
Local stability
The treatment model (18) has a DFE, given by
Here, the next generation matrices (denoted by F 2 and V 2 ) are given, respectively, by 
, and
The following result follows from Theorem 2 of [34] . (18) , given by (19) , is LAS whenever R T < 1, and unstable if R T > 1.
Lemma 4. The DFE of the Chlamydia treatment model
The quantity R T is the treatment reproduction number for Chlamydia infection. It measures the average number of new
Chlamydia infection generated by a single infected individual in a population where certain fraction of infected individuals are treated. Here, the two quantities R mT and R f T are the reproduction numbers for the males and females, respectively. The quantity R mT measures the average number of new Chlamydia infections in the male population generated by a single infected female in a susceptible male population where a certain fraction of infected individuals are treated. Similarly, the quantity R f T measures the average number of new Chlamydia infections in the female population generated by a single infected male in a susceptible female population in the presence of treatment.
Threshold analysis
In order to qualitatively measure the impact of treatment on Chlamydia transmission dynamics, a sensitivity analysis on the treatment-related parameters (α m and α f ) of the model (18) is carried out by computing the partial derivatives of R T with respect to these parameters. First of all, starting with
Similarly,
it follows from (21) that
Similarly, it can be shown that
It can be easily seen from (22) and (23) 
Thus, the above analysis shows that the treatment of infected males or females (in the E, A and I classes) will have positive Table 2 such that φ m = φ f = 0.5, θ 3 = 0.5, R mT = 8.2732, R f T = 8.3586, R T = 8.3158, m = −3.4875 < 0 and f = −1.2735 < 0.
Existence of backward bifurcation
Using similar approach as in Section 2.3 or using the Centre Manifold Theory [30] , it can be shown that the treatment model (18) also exhibits the phenomenon of backward bifurcation. Further, we claim the following result. Table 2 such that φ m = φ f = 0. 
Numerical simulations and discussions
The treatment model (18) is simulated using the parameters in Table 2 (unless otherwise stated), to monitor its qualitative dynamics for various values of the associated reproduction thresholds (R f T , R mT and R T ).
Threshold simulations
Further simulations are carried out to assess the impact of treatment in reducing the burden of Chlamydia in a population. Fig. 6 shows that whenever the threshold quantity < 0, the use of treatment would have positive impact, since the cumulative number of new cases of infection in the presence of treatment is less than that for the case when treatment is not used. However, for the case when > 0, the use of treatment in the community induces detrimental impact since, in this case, the cumulative number of new cases in the presence of treatment exceeds that for the case when treatment is not used (this is depicted in Fig. 7) . It is worth emphasizing that the results in Figs. 6 and 7 are consistent with Lemma 5.
Treatment strategies
This study considers three main treatment strategies namely, (i) treating all infected males with Chlamydia only (maleonly strategy), (ii) treating all infected females with Chlamydia only (female-only strategy), (iii) treating all infected individuals with Chlamydia (universal strategy). The impact of these strategies is analyzed as follows.
Male-only treatment strategy
Here, simulations are carried out to monitor the impact of singularly treating all infected males with Chlamydia (i.e., the impact of treating individuals in the I m class at a rate α m and those in the E m and A m classes are treated at the rates Table 2 .
τ m α m ). Using α m = 5, τ m = 0.3, the solution profile obtained, depicted in Fig. 8 , shows that in addition to averting many cases of infection in males (at least 2200 new cases), this strategy induces an indirect benefit to the female population (by averting as many as 4700 new cases in the female population). This result is not surprising since females acquire infection from males, and effectively treating males should reduce the number of new cases of infection in the female population.
Female-only treatment strategy
In these simulations, all infected females with Chlamydia are treated. That is, individuals in the I f class are treated (at the rate α f ) and those in the E m and A m classes are treated (at the rate τ f α f ). Fig. 9 shows a similar trend to what was obtained using the male-only strategy. Here, up to 2300 new female infections and 4800 new male infections can be averted.
Universal treatment strategy
Here, all infected individuals (both males and females) with Chlamydia are treated. Fig. 10 shows that more new cases are prevented here, since, on average, at least 7000 new cases of male infections and equal number of female infections can be averted, respectively.
Conclusions
A comprehensive, continuous-time deterministic model for the transmission dynamics of Chlamydia in a population is designed and rigorously analyzed. The basic model has a locally-asymptotically stable DFE whenever the associated repro- Table 2. duction number is less than unity. Further, the basic model is shown to exhibit the phenomenon of backward bifurcation when the associated reproduction number is less than unity. The basic model is extended to incorporate the use of treatment for individuals infected with Chlamydia. The extended model is also shown to have similar dynamics as the basic model. By analyzing the reproduction number of the model with treatment, it was shown that the use of treatment can lead to Chlamydia elimination in the community if a certain threshold quantity, denoted by , is negative (the use of treatment will have negative impact if > 0). The treatment model allows for the assessment of three treatment strategies, namely (a) treating all infected males with Chlamydia, (b) treating all infected females with Chlamydia, and (c) the universal treatment of all infected individuals with Chlamydia. The strategies are evaluated in terms of their ability to reduce disease burden (measured based on the number of new cases averted). The main theoretical and epidemiological findings of this study are summarized below:
(i) The basic model exhibits the phenomenon of backward bifurcation, where the stable DFE co-exists with a stable endemic equilibrium, when the reproduction number is less than unity. It is shown that this (backward bifurcation) dynamical feature is caused by the re-infection of treated individuals who recovered from the disease. The model with treatment also exhibits the phenomenon of backward bifurcation; (ii) The effectiveness of the treatment program (for infectious individuals with Chlamydia symptoms) is dependent on the sign of a certain epidemiological threshold, denoted by . Treatment will have positive (negative) impact if
< (>)0;
(iii) The singular treatment of individuals of one sex induces an indirect benefit to members of the opposite sex; (iv) The universal treatment strategy gives the highest reduction in the cumulative number of new cases of Chlamydia, in comparison to the male-only and female-only treatment strategies. Table 2 .
